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APPLIED MATHEMATICS 1 Question Bank

»} Important Note Regarding Applied Mathematics Question Bank

Dear First-Year Engineering Students,

We are pleased to provide you with a carefully prepared Applied Mathematics-|
Question Bank based on the analysis of past year question papers (PYQs) adhering to
the NEP 2020 syllabus.

Please read this caution carefully:

1.

2.

5.

Reference Material Only: This Question Bank is solely for reference and practice
purposes.

Focus on Frequency: It is designed to highlight the most frequently tested
concepts and question structures from the past examinations.

No Guarantee: There is absolutely no guarantee that the questions in the
upcoming examination will be drawn exclusively from this set.

Comprehensive Preparation is Key: High scores are achieved by mastering the
entire syllabus (Modules 1 through 6), understanding the underlying concepts, and
practising both derivations and numerical problems.

Do check PYQs: For questions that are not given here, refer to the full past papers.

Our recommendation is to use this Question Bank as a guide to:

Identify High-Priority Topics: Specifically Leibnitz Theorem, Euler’s Theorem on
Homogeneous Functions, Consistency of Linear Equations, PAQ Form, and Gauss
Seidel Method.

Master the Standard Proofs: Focus on the 6-mark theoretical proofs (e.g.,
Leibnitz theorem statements, properties of Unitary matrices).

Practice Numericals: Ensure speed and accuracy in algorithmic topics like
Newton Raphson and Matrix Rank reduction.

Do not limit your study to these questions alone. Ensure you cover all the concepts
listed in the Applied Mathematics syllabus for complete and thorough preparation.

Best of luck with your studies!

Made With @ By,
Team FE SAHYOG

*Terms and Conditions applied
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List of IMP/Freguent Topics Module Wise:

MODULE 1: COMPLEX NUMBERS

1. Roots of Complex Numbers
2. Expansion of Trignometric Functions
3. De Moivre's Applications

MODULE 2:HYPERBOLIC FUNCTIONS & LOGARITHMS OF COMPLEX NUMBERS

1. Logarithm of Complex Numbers
2. Inverse Hyperbolic
3. Separation of Real/Imaginary

MODULE 3:PARTIAL DIFFERENTIATION

Euler’'s Theorem Verification
Composite Functions

Proof of Euler's Theorem
Partial Differentiation Identity

PN~

MODULE 4: APPLICATION OF PARTIAL DIFFERENTIATION & SUCCESSIVE
DIFFERENTIATION

1. Leibnitz Theorem
2. Maxima and Minima

th o
3. n Derivative.

MODULE 5: MATRICES

Consistency of Equations
PAQ Form / Normal Form
Unitary Matrix

Inverse of Matrix

PO~

MODULE 6: NUMERICAL SOLUTIONS OF TRANSCENDENTAL EQUATIONS AND
SYSTEM

1. Gauss Seidel / Jacobi

2. Newton Raphson
3. lterative Formula derivation
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List of IMP/Freguent Questions Module Wise:

MODULE 1: COMPLEX NUMBERS

1.

ok w0 N

Find all values of (1 + i)l/3

3/4
Find all the roots of (L + iﬁ) hence find the continued product of the roots.

Prove that cos’8 = —(cos66 + 6c0546 + 15c0s20 + 10).

Expand sin’8cos"8 in a series of sines of multiples of 6.
If cosa + cosf + cosy = 0 and sina + sinf3 + siny = 0, prove that...
sin3a + sin3f + sin3y = 3sin(a + B + y).

Prove that \/1 + cosec(8/2) = (1 _ eie)—l/z 4 (1 _ e‘ie)—l/z

MODULE 2:HYPERBOLIC FUNCTIONS & LOGARITHMS OF COMPLEX NUMBERS

7. Prove that log(ei(x + eis) log[Zcos( )] + l( “+B)
8. Iftan[log(x + iy)] = a + ib, prove that tan[log(x + yz)] = 12—3172.
-
9. Prove that sech” (sin8) = log(cot%).
10. Prove that: tanh(logy/3) = 0.5.
M. fa + i = tanh(x + %) prove that o + BZ = 1.
MODULE 3:PARTIAL DIFFERENTIATION

oY xty 2 du ou 2 du ____ _sinucos2u

12. f u = sin (\&ﬁ/;), " + o e
oH , OoH |, oH

13.fH = f(y — 2z — x,x — ), then prove that —- + a_y"'?: 0.
14. fu = f(ex Ve e X) then provethat—+—+— = 0.
15. State & prove Euler's theorem on homogeneous functions with two independent

16.
17.

variables.

272 ou ou 2 3
fu=(1-2xy+y) provethatx3- - y5- = y'u'.
62u
ayz ’

Ifu = 2(ax + by)2 - k(x2 + yz) anda’ +

MODULE 4: APPLICATION OF PARTIAL DIFFERENTIATION & SUCCESSIVE
DIFFERENTIATION

18.
19.

IFy = e“" “thenprove that (1 +x*)y _ + [2(n + 1)x — 1]y + n(n + 1)y = 0.
If y = acos(logx) + bsin(logx), prove that x2yn+2 + (2n + 1)xyn+1 + (nz + 1)yn = 0.
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20. Discuss the maxima and minima of (x2 + y2 + 8x + 6y + 6).
21. Examine the function f(x, y) = y2 + 4xy + 3x° + x° for extreme values.
22. Find n"" derivative of y =

X

1+3x+2%"
2

Lo tho
23. Find n " derivative of D3

MODULE 5: MATRICES

24. Investigate for what values of A and p the system of linear equations x + y + z = 6;
x + 2y + 3z = 10; x + 2y + Az = p will have (i) No solution, (ii) Unique solution, (iii)
Infinite number of solutions.

25.Find nonsingular matrices P & Q such that PAQ is in normal form and hence find rank of

3 -3 4
A=12 -3 4]
the matrix A for following matrix 0 —1 1l
1 1 1
A= ’1 -1 —1]
26.Reduce the following matrix to normal form and find the rank of matrix 3 1 1
Ao L[ 1 1+ i] .
27.Show that the matrix ¥alli—§ —14 is unitary and hence find 4 .

L [8 —4 a]
A=-|1 4 b
28.Finda,b,c&A"if “la 7 el isorthogonal.
29.Find non-singular matrices P & Q such that PAQ is in normal form & hence find rank of
1 2 -2
A s ]
the matrix A and obtain A ... o -2 1

MODULE 6: NUMERICAL SOLUTIONS OF TRANSCENDENTAL EQUATIONS AND
SYSTEM

30. Apply the Gauss Seidel method, to solve the following system of linear equations up to
the two iterations. x + 10y + z = 51,15x + 3y — 2z = 85,x — 2y + 8z = 5.

31. Apply Gauss-Seidel iteration method to solve the following linear equations up to the three
iterations. 20x + y — 2z = 17,3x + 20y — z =— 18, 2x — 3y + 20z = 25..

32.Using Newton-Raphson Method, find the real root of x’ — 2x — 5 = 0 correct to three
decimal places.

33.Using Newton Raphson's Method... find an iterative formula for ~/150.
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Module 1

1. Find all values of (1 + i)"/°
OR

3/4
2. Find all the roots of (% + iﬁ) hence find the continued product of the roots.

2
Sol: for 2nd

Sol. : Let la = rcosh and g =rsing.

r®{cos® 8+ sin 2g)=t4 R
4 4
w58=l and sii"l{-:l—E +_||=."u
2 2 3
304 a1 V4
— JEL = (c:}sf- 4-fsln£] =(cosm+i sinm)'’4
2 2] 3 3

= [cos (2k +1)m + i sin(2k + T?n]”"

=cns{2k-+1]£+ Esin{2k+1]3_
4 4
Putting k=0, 1, 2, 3, we get the four rools as,
i n [ AR e L] G T
Z +isin— = ccvs— 4+ 1 5in . | cos— +fsin— |.
{cus‘iﬂsinq_]. lCDS o +isin J l 4,' [ = 4}
Their continued product,

:cna[i aﬂﬂi_ﬂmm[“ﬁf .E’.EJE]

4 4 4 4
= cos4n + f sindn=1.

3. Prove that cos’8 = —-(60566 + 6c0s46 + 15co0s26 + 10).
Sol:

Step 1: Express cos6 in terms of complex numbers Let z = cos6 + isinf. Then
% = cosO — isinB. Using the property of addition:

zZ + % = 2cos0
We can generalize this for any power n using De Moivre's Theorem:

= 2cosnb

n
zZ +

z

Step 2: Raise to the power of 6 We start with the equation 2cosb = z + % Raise both
sides to the power of 6:
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(26059)6 = (Z + %)6

64cos69 = (z + %)6

Step 3: Expand using Binomial Theorem Using
@+ b)°=a"+6a’b + 15a'b" + 20a°b” + 15a°p" + 6ab” + b*

6
(z + %) =7+ 625(%) + 1524(%) + ZOZB(%) + 15z2(i4) + 62(%) +-L
Simplify the powers of z:

6 4 2
=z + 6z + 15z + 20 +%+%+
z V4

Nolm

Step 4: Group like terms Group terms with the same powers of z and 1/z:
(z + )+ 6(z + )+ 15(2 + )+ 20

1
— = 2cosn0:

640050 = (2c0s60) + 6(2c0s48) + 15(2c0526) + 20
Step 6: Simplify Factor out 2 from the Right Hand Side (R.H.S.):

64c0s°0 = 2[cos60 + 6cos40 + 15co0s20 + 10]
Divide both sides by 64:

cos’® = —(cos69 + 6c0540 + 15c0s26 + 10)

cos 0 = 3—12(c0569 + 6c0s40 + 15c0s20 + 10)

Hence Proved.
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4. Expand sin’0cos 0 in a series of sines of multiples of 6.
Sol:

Sol. : As above we can write

(27sin8)*(2cos 6)F = [x lj| [ ]3

X
(=) (-3 (e 2] =(e- 2 (=-52)
=|lx-— X= = Xt — X——
X X

2 1Y & 3 1}
=|X —2+—] B L R
[ HE{ x2 x®
_ .8 4 1 6 g 8. 2 a 31
=X —=3x +3-F—2x +Bx _F+F+x —3+~~4—-—§

1 1 1
(o)A ol
. 2%isin® 0cos® 0= 2isinBA—2+2/siNBA -2+ 2isin48 + 6+ 2 sin20
sin” Bcos” 8 = %{sin 86 — 25in 66 — 2 5in 48 + 6 sin 26]
5. |Ifcosa + cosB + cosy = 0 and sina + sinf3 + siny = 0, prove that...
sin3a + sin3B + sin3y = 3sin(a + B + y).
OR
o —1/2 \ . —1/2
6. Prove that/1 + cosec(6/2) = (1 = ele) N (1 —e Le) .
Sol:

for 1 st
Sol. : Let us use &, b, cas in Ex. 2, thena+ b+ c=0.

As seen in Ex. 1, above 33+b3+c3-33bc.

[Or Since a+b+c=0,(a+b)=(=0
: {a+bj =-¢ . @+ +8ab(a+b)=-c°

a b3+33b[-r:] -& & aa+b3+c3*35bc

3
(cos a + /sina)® +[cosﬂ+!s|nﬂ] +(cos o + /siny) N
-3{CDSE+JEI[‘I(1]I:CO’53+!$JT\ﬁ}{c05?+lﬁln'ﬂ

s (c0s 3u 4 cos 3P + cos 3y) + / (sin 3o + sin 3P + sin 3y)
=3[cos (a+p+y)+isin(a+p+y)]

Equating the real and imaginary parts, we get the required results.
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MODULE 2

1. Prove that log(em + eiB) = log[Zcos( “;B )] + L(“Zi)

(Logarithm of Complex Numbers)

Sol:
Step 1: Manipulate the term inside the logarithm. Consider the expression Z = e+ e
i B

We factor out el( 2 ) from both terms to create symmetric exponents.

o B [ e_ + ei]

e’ e’
, ‘ —b, . . . . 20—a— o—
Using exponent rules (< = ¢ ):First term: i — i “;B = = 5 b — L“ZG Second term:
e

i — i “JZFB =i 23_2“_8 =— i“%BSo, the expression becomes:

i B F5h l i e-i“—?]

Step 2: Apply Euler's Exponential FormWe know that cos6 = % which implies
«—B
2

eie + e_ie = 2cos0.Here, 6 = .Substituting this into our equation:

) . _a+p
e + «91G = elT . [ZCOS(%B)]

Step 3: Take the Logarithm Now, take log on both sides:

a+p

log(eia + eiB) = log[Zcos(a%B) . eiT]
Using the property log(AB) = logA + logB:

= log[Zcos(a;—G)] + logleia%ﬁ]

Using the property log(ex) = x:

= log|2cos(52) | + i

o+
2

Hence Proved.

8 RGIT FE SAHYOG ¢ All the Best for Your Exams!




2. [Iftan[log(x + iy)] = a + ib, prove that tan[log(x2 + yz)] =

Sol.:Wehave tan[log(x+iy)l=a+ib s loglx+iyi=tan [a+ib]
Let tan'(a+ib)=a+ip
log{x+ ) =a+if Iug-'llx2+y2+.rlan"£=u+i[i

Equating real parts, we have

logy®+ ¥ =a e %mg{th}m

log (x2 + y2) = 200
We now find the real part o of (i)
tan o + i f) + tan{o - 1)
1= tan (o + ifjtan o - i @)

tan2o = tan[ o+ P+ (- )] =

Sincetan™ (a+ib)=a+ip
tan{o+ if)=a+ib and tan (u-if)=a-ib
Hence, from (iii}, we get,
{a+ib)+(a=ib) 28
1-(@a+ib)+(a—-ib) 1—a° b
Hence, by putting the values of 2 from (if} in (iv),

tanflog(x2 + y2)] = 122_552 whenf + b1, [ By (iv)]
.—a =

fan2a =

3. Prove that sech (sinf) = log(cot-ze—).
Sol:

Sol.:Let sec k' (sin@)=x & sinB=sechx
1 2 2e”*
coshx e%se* 8241
. sing+e®* - 2e% ysinf=0
This is a quadratic in 8",

- 244 4sin’8 _ 1% cos0
2sinf sin®
_lrcose 2cos®(0/2) .8

sin®  2sin(0/2)cos(8/2) 2
K= bg[cm g]

sin@ =

sec i~ '(sin®) = log [“‘“g]

2a

1-a*=p* "

)

_ . Y

ol 0 (i)

T | 1)

RGIT FE SAHYOG - All the Best for Your Exams!




%?E-SAHYDG

4. Prove that: tanh(logx/g) = 0.5.
Sol.

Step 1: Use the definition of tanhxWe know that:

X =X
e —e

tanhx =

—x
e te

Step 2: Substitute x = log+/3

log\/3 —log/3
¢ gf_e 93

tanh(logx/g) = W

1
a

Step 3: Simplify the exponential terms Recall that ¢*?® = a and e=%9% = ¢*9™"/?

Here, leta = \/5

elogﬁ _ \/ge—logxﬁ _ %

Substitute these back into the fraction:

1

tanh(logx/g) = %
3

Step 4: Algebraic simplification Multiply numerator and denominator by \/§:

=j\/§)2—1 _ 31
(\/§)2+1 3+1
=2=0.5

Hence Proved.
. in 2 2
5. lfa +ip = tanh(x + T)’ prove thata™ + = 1.
Sol:

Sol. : To prove the required result, we have to separate real part « from imaginary part p.
sinhx + (i n/4))
cos h[x + (i n/4)]
_ 2sinh[x + (ini4)] . cosh[x = (in/4)]
"~ 2cosh [x+(in/d4)] coshlx—(in/4)]
_ sinh2x + sinh{in/2)
~ cosh2x + cos h(in/2)
_ Sinh2x +/sin{n/2) _sinh2x+ |
cosh2x +cos(n/2) coshax
Equating real and imaginary parts.
_ sinh2x 1
“cosh2x' " coshax

a+if=

[ By (d), page 3-5 ]

o




11

"E =+ iV

cos hx + isinhx
V2 (cos hx - i sinhx)
cos h2x
Equating real and imaginary parts,

_Jacoshx | __JZsinhx

=y+ v

" cosh2x ' cosh2x
2 1 2., _2cosh2x
- A — hex} =
U=+ v _gmhzgx{msh X+ sin b= x) cos he(2x)  cosh2x
2
o 4
2 .22 - -
W+ vy [nnsn.‘zx] cos h” 2x
2 . 2
o= foosh® x—sinhX)= ———
ha == cos h* 2x

J2 (coshx=isinhx} _ . .

cos h2x + sin h-x

2_._

From(1)and (2), (u2+v¥P=2(?-v3)
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1 2 2 2 9 2 ) .
1. Ifu =sin |—=2), then prove that x° 2% + 2xy-2% 4 5° % —_ siucoszu
Vetly 0x 99y ay 4cos u

Sol:

(M.U. 1986, 91, 2
Sol. : Nole that uis not a homogeneous function of x and y.
. X+ Y
Letz= i o AL i
ot 2= sin u= = . f(u)= F(X, ¥), say.

Puting X=x1, Y=yt we get,

Scanned by Ca
_-——————mh—————PAANMNNM"-—Ms————————"

gngineering Mathematics - | (6-27) Homogeneous Ft

08 G E el SR 1|

JX + J?’ = ;ix,f + ;_w
t x4 F:I v2 Xy e
= L = l‘ & _
N T_‘T"“ v F oy S Fix.y)
Thus, Z = 5in U is a homogeneous function of x, yof degree 1/2.
Hence, by the above corollary,

#u ey °u :
gy Y e w9 () -1)

2y’
_I:u]. =:|__sfnuﬂl
whers, g{U} =" Fp s = s g Nt

g'tu}=%se¢2u
VIR, S DRI juiowe:
gl g'iu) =1] Etﬂnu [255-: u 1]

1 1-2cos? u

1
=Etal'lu[ 3

=4 5 = 5N (- cos 2u)
COE™ I

cos™ u

sinucos2u
4c08° U
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2. Fu=f(x-yy-z x),thenprovethat—+—+—_0_
Sol:
o e AT k-
~ed e " s B U= 12
X W |] . v = JJ — : E )
AW oPx Lo DY, S
X o l 'f_'x‘;; T ot o7
= e ol
. W Pz
(giﬂd_ 'L
l‘rﬂﬁ J_, B[_r ) “5” . .r'_lL_'

2‘3} ,;-\;‘ X
o - oY oM
DZ 57 aY

ﬁc‘k-l-l“j —Hae, —Hunes ~gesulk
WL M40

P"(:r oz
3. Ifu=f(e, e ™) then prove that 2= g; +2L =.
Sol:
IE‘]'L " (:ll::] Frd i )
,_.{-j;'} :j"?' - = E'-r-rr}f- —Hiee b = + k_‘}(.\.l'l: ?-'.j

':.l’- ﬂ Y i

Lot =
LY - . o F;{ BY 5-“_‘ ?ﬁ{_ 2%

1 2%
g A Ui S
= ’EEL e Wt %-Lﬂ'& J vl :2b

Lo DY éﬁ‘” o)

™ ¥ 'a:-r "EH T:} + o4 7

L% 31.,__3_5._
59 0ox 3?] &3] B‘{L T "End

Scanned with CamScanner

B e ¢ (1) 4 rl.'.f_1,lr.‘l}
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M, by Y. "f(j )

DX ay :
F:-:ll'l.'ll I,‘-I_ll _ :'-'.J_ i)y iy t_.'_l fx_‘-l.'. ok -",_?"_,
2 9 pz Y vz vE @7
A B - ) - Z-,

- W dT 4 &
DX g - & a7
& ~ i
0z oY i

B = ne Gelk
F-wl:h-.«_\j [ﬂ) @ sd B a_ul_ {IE'
M4 M2 -0

ﬂ g = |

4. State & prove Euler's theorem on homogeneous functions with two
independent variables.

Sol.
Statement of Euler’s Theorem
If z is a homogeneous function of two variables x and y of degree n, then:

0z __

0z
xa—x+yay =nz

Proof:

Step 1: Definition of Homogeneity Let z = f(x, y) be the given function. Since itis a
homogeneous function of degree n, by definition, if we scale the variables by a parameter t

flxt,yt) = £ F(x,Y) o (i)
LetX = xtand Y = yt. Then the equation becomes:
fXY)=f(x,y)

Step 2: Differentiate with respect to t We differentiate the left-hand side (L.H.S.) of
equation (i) with respect to t using the chain rule:
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2 _Of  ox . of  ov
ot f(X’Y)_ X ot + ay at

Since X = xtand Y = yt:

X
at
ay

2. F=y

Substituting these back:

of _ . 0f
ot~ 7 oX

Now, putt = 1. Thisimplies X = x and Y = y. The equation becomes:

o1 - 9L of i
[6t ]t=1 =Xty oy (i)

Step 3: Differentiate the R.H.S. Now, differentiate the right-hand side (R.H.S.) of
equation (i) with respect to t:

2" )] =t F ()

Now, putt = 1:

(4] = n@ Gy = nfy) e G

Step 4: Equate both sides From (ii)and (iii), we equate the values of [%] :
t=1

of of _
Xor t ¥, =nf(xy)

Since z = f(x,y):

0x dy = nz

Hence Proved.
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V_.\\*;/,_7?532-sm|-|w:ns

—-1/2 u 2 3

2
5. Ifu=(1—2xy+y) ,provethatx%—yg=yu.

Sol:
Sol.: Since u= (1= 2xy + y*)~ 12
% = —%{1 —2xy + ¥ I2 L 2p) = xg—: - Ky u°
Alsa, g%=—%{1-2xy+yz}_w?[—ix+ Eﬂ——-{x-—ﬂu& y%:(ﬁr—yzlua
xg—:—rg—: =xy o -y iy = AP

6. IMu=2(ax+by) —k(x +y)anda’ + b’ = k find L& + 2%
0x dy

Sol. For 1st

gol. : Since v ={1= 2xy + y*) 12
%=—%{1-Exy+1.rz]‘m:-2ﬂ=yu5 xg—i-xyua
Also, g—;’=-%{1—21}'+Jr'2}'”2{-21+2ﬂ:{I-Jr‘:lf-"a y;—:ﬂ#-fﬁ”ﬁ
xgi—y%%fxyu*—xyua+rzua -y,
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MODULE 4

1. Ify=¢"" “thenprovethat (1 +x')y _+ [2(n+ Dx—1]y _+n(@ + Dy = 0.

Sol: Step 1: Find the first derivative {z)

y= etan_l ®
Differentiate with respect to o
tan~! z 1
=g
0 14 22
1 i
=1 - { tan z =y
Cross-multiply:
(142 =y

Step 2: Find the second derivative {z;) Differentiate both sides with respect to @ again:
(1+ 2}z 2 (2m) = m

1+ + 22 —Dpn =0 ... (i)
Step 3: Apply Leibnitz's Theorem Differentiate equation (i) n2 times using Leibnitz's Theorem:

(uv), = wv, + noyuvay + RopunUaln + ...

« Term1: D[(1 =%y

(r—1)

T
L+ =Yz + n22Ygs +

5 (2l

= (1 + @®Jynyz + 2noyn + nln — L)y,
s Term2: D7[(2z — 1))

= (22 = L)gni1 +7(2)yn
= (22 — l}gnt1 + 20y,
Step 4: Combine and Simplify Add the terms:
(1 + @%)ynsa + (202 + (22 — D]gass + [n(n — 1) + 20y = O
(L+ 2 sz + 20(n+1) - Ugnrs + 2" —n+ 20y, =0

17 (14 =iz + [2(n+ Dz = 1y + n{n+ Ly, =0

Hence Proved.
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- 2 2
2. Iy = acos(logx) + bsin(logx), prove that x Yoo T (2n + 1)xyn+1 + (n + 1)yn = 0.
Sol:
Sol. : We have y= a cos (log x) + b sin (log x)
1 1
y,=-4a 5in{l¢gx:|-; + boos{log x)+ g
xy; =— asin (log x) + bcos (log x)
Differentiating again w.r.t. X,
| . 1
Xys + Yy=-—4 cm{lugx}--;— bs:ntlngx:n;
xZ o+ Xy +y=0
Applying Lelbnitz's Theorem 1o each term, we get
min
2
Ypyz +20 + ) 8Ynsy + (07 —ntn+1)Y, =0

xzrn+g+:2” 'P‘I}x}rna‘l"'{nz +I}.}"r| =0

=13 (2) o + [ Winar + (1) V¥ Y= O

#E}"mz +n(2x) ¥psy +

3. Discuss the maxima and minima of (x2 + y2 +8x + 6y + 6).
Sol:

Sol.: We have f(x. y)=x%+y?+Bx+6y+6.

Eumﬁnl Mathematics - | (7-3)

stepl: fi=2x+8, fL=2y+6; F - "

5mpt|:Wannwsnl'-aP =0, 5,:% b la=0hy=2
2x+B8=0 SoX=—d
(- 4. —3) Is a stationary point.

stepMl:Forx==d, y=-3 r=f =2 s=¢f =0
t-8%=40=450, And r=f_ =250
(=4, = 3) is 2 minima,

The minimum value of f(x, Y) =16+ 932 - 184 6=~ 13,

2y+6=0 - y=-3

SUCY 3
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4. Examine the function f(x,y) = y2 + 4xy + 3x° + x° for extreme values.
Sol:

gol. : Wehave  T(X y) = y? + dxy 4 ax? 4 9
stepl: =4y +6x+3x% f=2yi4x 1 -6 fop= 4, fy=2,
Step Il : We now solve f, =0, fy=0.
4+ Bx+ 3x2=p and 2y+dx=10
Putting 2y = - 4x in the first equation
ax2-2x=0 . x(3%x-2)=0 - x=0 or x=2/3,
When x=0, y=0andwhen x=2/3, y=-4/3.
(0, 0), (2/3, — 4/3) are stationary points,
Step Il : (i) When x=0, y=0
r=fix=6, S:fﬁ.‘—--ﬂ-. t=fu=2
rt—-s2=12-18<0
~  Fix, ¥ is neither maximum nor minimum. [t is a saddle point,
{ifWhen x=2/3, y=—4/3; r=1l,=10, 5=4, I=2.
s rt—58=20-16=450
But r=ly=1020
Hence, f(x, y) is minimum at x=2/3, y=—4/8.
16 32 12 8 4

i = e — i — T ——,
The minimum valus 5 3 3 o3 7

X

5. Find n" derivative ofy =—-.
1+3x+2x

Sol:
Step 1: Factorize the DenominatorThe denominator is 2x° + 3x + 1.
2+ 3x +1 =20 +2x +x + 1= 2x(x + D+ 1(x+ D=2x + D)(x + 1)

. . Ve
So, Y = Gxne

Step 2: Resolve into Partial Fractions

B

X A
Let oD = zrn T X = Al + D+ BQ2x + 1)

Find B: Putx =—
—1=A40)+B2(-1)+1)—1=B(—-1) > B=1

Find A: Putx =— —

—%=4—%+Q+mm—i=AG):A=—1
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-1 1 -1 -1
Thus, Y= T gy =x+1) —-(QCx+1)

Step 3: Find the n™ DerivativeApply the standard formula to each term:For (x + 1)_1:
Herea = 1,b = 1.

n -1 -D"ni()"
D'I(x + D] =10

(x+1)
For(2x + 1) :Herea = 2,b = 1.

D'[(2x + 1) = W@

n+1

(2x+1)
Substituting these back:
_ (D't (=D'2"
Yo T ey ™
Final Answer: =(- 1" ![ 1 — 2 ]
yn ( ) n (x+1)n+1 (2x+1)n+1

2

. th o oo o
6. Findn  derivative ofm-

Sol:
Sol.: Let y = < Y oA " A
(x=1){x-2){x-3) (x4} (x-2) (x-3
2=a(x-2)(x- @bl — (=3 + c{x—1) (x=2)
Putting x = 1, 2=al-1)1-2) T
Putting x = 2, 2=5(1)(-1) s be=2
Putting x =3, 2=g(2) (1) L |
= N
F_x—t x-2+x-3
By result (4-A), wa get,
| 1 2 1
= (41 18 ]| ———
¥a { ] "L{X--‘I:I'q” {H-'E:In'1 +{x...3]”” ¥
(4-A)
(-1)" nl
Fﬂ [A.'-I* b’ﬂl+1 { A:
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MODULE 5

1. Investigate for what values of A and u the system of linear equations
x+y+z=6x+ 2y + 3z =10;x + 2y + Az = p will have (i) No solution, (ii)
Unique solution, (iii) Infinite number of solutions.

Sol:

System of Equations:

1. x+y+z=6
2. x+2y+3z=10
3. x+2y+Az=np

Step 1: Form the Augmented Matrix [A: B]
[A:B] =[11161231012Ap]

Step 2: Reduce to Echelon Form Perform row operations to make the elements below
the main diagonal zero.

Operation 1: R,—R, —Rland R,->R,—R,

~[1116012401A—1p—6]

Operation 2: R3 - R3 — R2

~[1116012400A —3p—10]

Now the matrix is in upper triangular form. We analyze the ranks of Matrix A (first 3
columns) and Augmented Matrix [A: B].

Step 3: Analyze Conditions
Case (i): No Solution

For no solution, the system must be inconsistent. This happens when
Rank(A) # Rank(A:B). Looking at the third row:

fA —3 = 0(i.e.,, A = 3),then Rank(A) becomes 2.
fu — 10 # 0 (i.e.,, p # 10), then Rank(A:B) remains 3.

Condition: A = 3and p # 10.
Case (ii): Unique Solution

For a unique solution, Rank(A) = Rank(A:B) = Number of Unknowns (3). This requires
the pivot in the third row of A to be non-zero.

A=3#0 > A=*3.
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The value of p does not matter (it can be any real number).

Condition: A # 3 and p can be any value.

Case (iii): Infinite Number of Solutions

For infinite solutions, the system must be consistent with Rank(A) = Rank(A:B) < Number
of Unknowns (3). This happens if the entire third row becomes zero (Rank becomes 2).

A—3=0= A=3.
L—10=0 = p = 10.

Condition: A = 3 and p = 10.

2. Find nonsingular matrices P & Q such that PAQ is in normal form and hence find
3 -3 4
A=12 -3 4]
rank of the matrix A for following matrix 0 -1 15
Sol:

22

Procedure: We perform row operations on 4 {and a pre-factor identity matrix I} to find P,

and column operations on A {and a post-factor identity matrix L) to find €2, such that the final

matrix is in the form I D
XI5 1 D U i

1. Operation {E; — R; — Hp): Creates aleading 1.

1 0 0O
A~ 12 -3 4
0 -1 1

Update P: By — B; — Hy onldentity.

2. QOperation (R — Rs — 2E.): Clears the first column.

1 0 0O
A~ |0 -3 4
0 -1 1

3. Operation {Hy ++ Hz then By — —Hp): Brings the pivot -1 up and makss it positive.

1 0 0
A~ |0 1 -1
0 -3 4
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4. Qperation {Hz — A + 3H): Clears the second column.

0
-1

1
A~ D
0 1

D=

5. Qperation {Cs — C'5 + Cs): Clears the second row.

AN

e 50
B R
e o B

Final Answer:

1 0 0
Mormal Form:fz = |0 1 0O
0D 0 1

Rankof A: 3

1 -1 0
« MatrixpP: | O 0 -1

1.0 D
Matrix@: |0 1 1
o 0 1
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3. Reduce the following matrix to normal form and find the rank of matrix

1 1 1
A= [1 -1 —1]
3 1 1
Sol:

] &
Saol. : We have A-{‘l -1 -ll
1 1

1 0 0
- L c;—c,[
By n -2 -2 By 0 -2 -2

-H:! 3”1 Ga=0Cy
0 -2 -2 lo -2 -2
1 0o
By Ay-AR, n -a -2 By 03-Ca|0 -2 0
i o 0 — |0 00
T e A B
By ——Ay,|0 1 0|=|"2 °|whichisinnomalform. .. Rank=2.
2 0 0 0
— o 0

4=t 1 1+ i] .
4. Show that the matrix vili—i —1 ! s unitaryand hence find 4
Sol:

Sol. : Lat us denate the givan matrix by A.
171 1= 8 t|:1 1i+1]
= » A=(A")=
A“'ﬁ[ni —1] (A% Bli-0 -
N aPh = 1[ 1 owd] 1[0 1+[]
™ 1 A N A ] R B
iffa o)l [1 o
Ad=_]» = =
3[0 3] [1:1 1]

Hanca, Ais unitany.

To Find 4"

For a unitary matrix, the inverse is simply the conjugate transpose:
A=A
From Step 1, we calculated 4%
-1

- L i1 - —
A —\5[11+11 i 1]

(Note: Since A = Ae, in this particular problem A = A.)
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8 4 a
1 4 b

1
4 7 c] is orthogonal.

A=1
9

5. Finda,b,c&A ' if
Sol: For a matrix M to be orthogonal, MMT =]. Letd = %M, where
M=1[8 —4al14b47c].

The condition 44" = I implies (%M)(

1 T
M) =1,

which simplifies to MM = 81l

This gives us two conditions:
1. Sum of squares of each row equals 81:

o R:8 +(-9'+d =81>64+16+a =8l>a =1=a=4l
o R2:12+42+b2=81=>1+16+b2=81=>b2=64=>b=i8

. R3:42+72+c2=81:16+49+c2=81=>c2=16=>c=4_r4

2. Dot product of any two distinct rows is O:
® R R =81+ (4@ +ab=0>8~16+ab=0=ab =8

° R1~R3=8(4)+(—4)(7)+ac=0:>32—28+ac=0:>ac=—4
° RZ-R3=1(4)+4(7)+bc=0=>4+28+bc=0=>bc=—32

Solving for signs:
Fromab = 8, a and b must have the same sign.
From ac =— 4, a and ¢ must have opposite signs.
Case1:Leta = 1. Thenb = 8and c =— 4.
Case 2:Leta == 1.Thenb =— 8and ¢ = 4.
Taking the standard solution(a = 1,b = 8,c =— 4):

Values:a = 1,b = 8,¢c =— 4.

Finding A~ :Foran orthogonal matrix, A~ = 4’.

A= [814 — 44718 — 4]
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6. Find non-singular matrices P & Q such that PAQ is in normal form & hence find
1 s =
» A= [—1 3 0 ]
rank of the matrix A and obtain A ~ for o -2 1

Sol:

Solution: We reduce A to Normal Form {I3) using row operations {recorded in P} and column

1 2 -2 1 0 0
1 3 ofl.P=|0 1 0o|l.g=
0 -2 1 0 0 1

operations {recorded in ). Start with: 4 =

3

Step 1: R2 — R2 + R]

O = O
i = e

1 2 -2 1 0 0
A~|0 5 -2|, P~ |1 170
0 -2 1 0 0 1

Step 2: Oy — Oy — 204, Cy — Oy + 20,

1 0 0 RO B
A~l0 5 -2, @~l0 1 o0
0 ~2 1 0 0 1

Step 3: Swap columns C < €5 to geta simpler pivot {-2 is easier to work with than 5, or just

to rearrange).

10 0 1 2 -2
A~J0 -2 5|, @~ |0 0 1
0o 1 -2 0 1 0
Step 4: Swap rows fi; ++ Hj to bring 1 to the pivot position.
1 0 0 1 0 0
A~J0 1 -2, P~ |0 0 1
0 -2 5 1 1 0
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Step5: Hy — H; + 2R,

1 0 0 1 0 0
A~ |0 1 =2, P~ |0 0 1
0 0 1 1 1 2
Step 6. Cg = Cg + 202
1 0 0 1 2 2
A~ 0 1 0f, Q~ |0 0 1
0 0 1 0 1 2
Results:
1 0 0
1. Normal Form: ([0 1 0| =13
0 0 1

2. Rank: 3 {Number of non-zero rows in normal form).

1 0 0
3. MatrixP: [0 0

1
1 1 2

1 2 2
4. Matrix@: (0 0 1

0 1 2
5. Inverse {A~-1):Since PAQ = I, we have A1 = QP.

1 2 2/ |1 0 O
A =100 1| |0 0 1| =
0 1 2f(1 1 2

b = L2
DD = DD
LToke
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MODULE 6

1. Apply the Gauss Seidel method, to solve the following system of linear equations
up to the two iterations. x + 10y + z = 51,15x + 3y — 2z = 85,x — 2y + 8z = 5.

Sol:

Step 1: Rearrange for Diagonal DominanceTo ensure convergence, rearrange the
equations so the largest coefficients are on the diagonal:

15x + 3y — 2z = 85 (Coefficient of x is 15)
x + 10y + z = 51 (Coefficient of y is 10)
x — 2y + 8z = 5 (Coefficient of z is 8)

Step 2: lterative Formulas

e = %(85 3y, F sz)
YVir1 = 1_10(51 T X Zk)

21 %(5 T 2yk+1)

Step 3: lterations (Initial Guess: x = 0,y = 0,z = 0)

lteration 1:

x, =5=(85 — 0 + 0) = 5.6667

Y, = 55(51 — 5.6667 —0) =4.5333

z = +(5 — 5.6667 + 2(4:5333)) = 1.0500
lteration 2;

x, = 5(85.— 3(4:5333) + 2(1.0500)) = 4.9000

—+(51 — 4.9000 — 1.0500) = 4.5050

Y2

1
+(5 — 4.9000 + 2(4.5050)) = 1.1388

VA
2

Answer :After 2 iterations, x =~ 4.9000,y =~ 4.5050,z =~ 1.1388.
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2. Apply Gauss-Seidel iteration method to solve the following linear equations up to
the three iterations. 20x + y — 2z = 17,3x + 20y — z =— 18,2x — 3y + 20z = 25

Sol:
Sol. : We first write the equaticns as

x=é[17-}"+22] i
1

y:E[-IB-EI*-I] .................... (2)

z= E%[EE - 2x+3y] R -

Scanned by CamSeanner
_—eeeeeee - =T

I E‘dmgring Mathematics - | {11-33) Numerieal Solutions of ...x

(i) First Iteration : We start with the approximation y = 0, z= 0 and then get form {1},

17
) =E = [-B5

We use this approximation to find y fe. we put x = 0-85, 2= 0in (2}
1
. W= E[—IB —3(0.85) - 0] = ~1.0275
we use these values of x; and i, to find z; Le. we put x=0-85, y=-1 0275 in (3).
1
y Z= 55[25 - 2(0:85) + 3(-1.0275)] = 10109
(if) Second Iteration : We uss latest values of y and z to find x fe. wepuly= ~1-0275,
zﬂi'ﬂf'ﬂ‘g in {1}-
1 v
. = =—[17 = [-1.0275) + 2({1.0108)] = 1.0025
. Xp=oo [ i ye2( 1
We put x = 1-0025, z= 1-0109 jp (2}.
1
: = —[—18 = 3(1.0025) + 1.0108]| = — 0.5598
. ¥a 20[ 18 — 3(1.0025) ]
We pub x = 10025, p=— (0-9008 in {3).
o ;q;ﬁ[zs _ 2(1.0025) + 3(- 0.9998)] = 0.9998

{iii} Third Iteration : We use latest values of yand z to find x ie. weputy=— 0-8998,
Z=0-9898 in (1)
gl .ln[1 7 — (- 0-9998) + 2(0.9998)] = 1000
2

We put x= 1-000, £=0-9998n {2).
1 = 1000
. w Y _[-18 — 3(1-000) + 0-9898] = - 1.0
¥s znl
We put x = 1-000, y=—1-000in {3).
. Zy= i[gs — 2(1.000) + 3 (-1000)] =1
20

Hence, waget x=1, y=-1,z=1.

- e Poiadal mm et
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3. Using Newton-Raphson Method, find the real root of x’ — 2x — 5 = 0 correct to
three decimal places.

Sol:

8ol. : Since f{x) = ¥¥_oy. 5

fl0)=—5<0, f{(1)=-6<D, F(2)=-1<0, F(3)=16>0.

Since f(x) changes its sign from negative to pesitive as x goes from 2 to 3, there is a root
betwaen 2 and 3.

By Mewlon-Raphson method,

fXa) _ 2 -0x,-5 234+5
1 Rty -

F( %) axg -2 3x5 -2

Since f(2) Is nearer to zero than f(3), we start with x; = 2.

Xpp1 = Xp =

i |
Fnrxu=a| x‘=2|:2'}—2"'5=2+1
3(2)° -2
2(2.1y" ¥
For x, =24, i m ol }+5=23522=2-cr945

a2.1)¥ -2 1123
e 2(2-0946)° +5 _ 23-3785
3(2-0046)° -2 11-1620

For x, = 2-08486, = 2-0846

Hence, x= 2-0946,

4. Using Newton Raphson's Method... find an iterative formula for /150.
Sol:

Sol.:Let x=3150 ~ x*=150 . x*-1s0=0
By Newton-Raphson method
f
Koot = X =0l | o B = X% = 150,

I (%)
Xt~ 150 _ 2x,° +150

lterative Formula :  Xga1 = &5 —
8x,2 3x,°

We start with x,=5.
L.2(8)"+ 150 _ 400

For x, = 5§, X —— = 53333
X i a(s) 75
2(5-3333)° + 150  453-4017
For x, =5:3333, WXz = = - = 53134
‘ " 353333 85-3323
2(5-3134) + 150  450-0181
For %, = 5:31 Xq = = = 53133
% s a(5-3134)° Bd+BOGE

350 = 543133
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